Chapter 2
Geometric Solution of Linear Programming Models

Now that we can set up LP problems, the next step is to learn how to solve them.
In this section we will learn how some LP problems can be solved graphically. In order to
apply this geometric technique, the: LP model must have only two variables, z; and z4.
It is possible to geometrically solve problems with three variables but that requires much
more sophisticated graphing skills and will not be considered in these notes.

~ We begin by determining the feasible region, which is the set of all points (z1,22)
which satisfy the constraint inequalities. We will picture this set using a pair of axes with
%1 being measured along the horizontal axis and «; along the vertical axis, as in FIGURE
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Figure 1

A constraint inequality, such as 6z; + 7za < 8, can be broken into two parts:
6z, + Tzo = 8 and 6z, + 7zy < 8. The graph of the equality is a line. For purposes
of later generalization we refer to this line in the plane which arises from this equality
as a hyperplane. All ordered pairs (z1,z,) which satisfy the equation part lie on this
hyperplane (line). 7 : _

The second part of the constraint is the strict inequality 6z +7z2 < 8. All ordere
pairs of numbers which satisfy this strict inequality make up a half-space which lies on
one side of the hyperplane (line). To find this half-space, we must decide which side of the
hyperplane is the half-space we want. This is done by selecting one point (p,g) (usually
the origin (0, 0)) which does not lie on the hyperplane and testing it. The half-space that
contains (p, ¢) is the one we want if (p, ¢) satisfies the inequality—if 6p+7g < 8 1s true. The
‘other half-space is the one we want if (p, ) does not satisfy the inequality—if 6p - 7¢ < 8

is false. \‘IE’ CALL W‘oﬂ N T me{ ~ T.h.
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EXAMPLE L; Graphically indicate the solution set of 3z; + 2z; < 6.

Solution:  First we sketch the hyperplane (line) whose equation is 3z 4+ 2zz = 6. One
way to do this is to plot the two intercepts and draw the line through the two points. If
 #; = 0 then 2, = 3. If 2; = 0 then z; = 2. We plot the two points (0,3) and (2,0) and
sketch the line through them in FIGURE 2. '
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Next we want to find the side of this line that satisfies the given inequality. We will
use (0,0) as our test point. Since 3(0) + 2(0) < 6 is true, we want the side that contains
the test point (0,0). For convenience in problems that have more than one.inequality we

will shade the part we wank . ---SKE Froute 3.

: When we want to find the solution set to a system of inequalities we must find the
intersection of the solution sets of the various inequalities.



EXAMPLE ).  Geometrically (graphically) indicate the solution set of:

25&'1 +3$2 2 b
—z3+ 23 L0
Solutron: .
Step 1. The solution set of the first inequality consists of the hyperplane whose

equation is 223 + 322 = 5 and the half space given by 2z, + 3z > 5. The hyperp.)lane' has
intercepts at (0, £) and (£,0). We draw the line through these two points. (0,0) is not on
this line so we may use it as a test point. Since 2(0) + 3(0) > 5 is false, we do not want
the side of the hyperplane that contains the origin. We Skapr T T ‘HﬂLFJ : FIGURE 4.

Step 2. The hyperplane of the second constraint is the line whose equation is
—z3 + 23 = 0. This line has only one intercept: (0,0). To get a second point on the line
we will (arbitrarily) let z; = 2. Then z, = 2 also. We plot the two points (0, 0) and (2,2)
and then draw ihe line through them. To find the half-space we need a test point. Since
the origin (0,0) is on the hyperplane, it cannot be the test point. We will use the point
(2,0). We want the side that contains {2, 0) because —(2) + (0) < 0 is true. We shade

TS WwLE. See FIGURE 5. : .

Step 5. The solution set we really want is shown in FIGURE 6. It arises from
carrying out Steps 1 and 2 on the same set of axes. (That will be our normal practice.)
The solution consists of the  shaded region together with the parts of the hyperplanes
that form the “edges” of the shaded region. '
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EXAMPLE 1\ +  Sketch the feasible region for the LP model:

max P =A4z; 4+ 24

if 2w1+m2§3

' z1 + 323 < 6
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In order to actually solve an LP problem geometrically we must introduce and use
the objective function. ‘We do this by graphing several level lines. The level line with
value v for an objective function of the form z = az + bz, is the line (hyperplane) whose
equation is azi + bry = v. Different values of v yield different level lines, but they will all

be parallel to each other.

EXAMPLE g ¢ Draw the level lines for P = 2z; + 4z, for the values 10, 4, and 0.

Solution: The three level lines have equations 221 + 422 = 10, 221 + 4= - 4, and
52y + 4zy = 0. They are graphed in FIGURE 10, '
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FIGURE 10

We want to emphasize that every point (r, s) on the level line with value v will yield
the value v when put into the objective function. The level line with value v shows all the

plages where &c?pij{gggivefmmgtion has value v. For e*{ia;nple,m Exﬂamplc S above, (1,2)
11 vel line P = 10 because it yields 10 when put into the objective. function:

+4(2)=10.

W gr re we solve an LP problem geometrically, let us make sure exactly what we
wan} to accqrqp}ish: _ .

"4 o'solve a max LP problem we must find a point in the feasible region which, when
put into the objective function, gives a value which is as large as, or larger than,
the value given by any other feasible point, Qur solution consists of the coordinates
of this point and the value of the objective there. |

9. To solve a min LP problem we must find a point in the feasible region which, when
put into the objective function, gives a value which is as small as, or smaller than,
the value given by any other feasible potmt. Our solution consists of the coordinaies
of this point and the value of the objective there. '
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EXAMPLE § ¢ Solve the following LP problem graphically.

min C =z 4+ 73

if Qx4 ao >4
z1+ 229 2 4
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EXAMPLE qﬁg For the feasible region of Example q , find max P = z1 + 22.
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It is possible that the feasible region for a LP problem is empty; that is, there are no
points which satisfy the constraints. In this case there will be no solution to the problem.
This Lappens in the following problem: ‘ '

Exanp Ly ‘6: max FP=uxy+ 2
' if T14+9 22 > 6
T+ 252
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